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For the approximate solution, we set v =¢v, u=yu,
n=yn=yv, and A=yp(x)i. Then, n(uvxy A) assumes a
stationary value for each finite element when the following local
equations are satisfied:
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Comparing Egs. (9) and (6), we see that the latter can be
obtained from Eq. (9) only by approximately satisfying the local
constraint condition (9d). Since y(x) and ¢(x) are known in terms
of h via Eq. (3), we can calculate immediately
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assuming y(x) =[1,1]. Hence, introduction of Eq. (10) into
Eq. (9) yields Eq. (6) plus terms of order h® However, this
process only serves to interpret Eq. (6); it still remains to be
shown that Eq. (6) is an acceptable approximation.

Convergence

Let u* »* #* and A* be the exact functions providing a
stationary value of n(u, v, 5, 1), let U*, V*, and H* be the finite
element solution, and let U, ¥, and H be finite element inter-
polations. Let u, v, , and A be arbitrary values of the indicated
variables. Then a simple calculation leads to the relation
w(u, v, A) = n(u* v¥,n* 1% + J
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Among possible displacement fields the deformed beam can

assume are those for which the terms appearing in the preceding
integral are positive. This being the case, we can assert that

le| < |7(D, P, B, 29— niw*, v*, n*, 1%)| (12)
where ¢ is the error in energy
£ = TC(U*, V*, H*, l*)__ T[(u*, U*, n*r i*) (13)

Assuming that the slope is bounded (ie. |*| < M, < o0), we
can use the mean value theorem, and the Schwarz’s inequality,
to extract from Eqs. (11) and (12) the following inequality:
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Introducing Eq. (7) with k = 1 for approximations of u and 7,
k = 3 for those of v we obtain

le] < (EA/2)K h*+(EI)2)K ,h* — (P/2)K3h* +(EA/2)M o*K h* +
EAM oK sh? +(EA/2)K gh™* +(EA/2)M oK ,1*? + (EA/8) K gh*
(15)

where in Eq. (15), K,,...,Kg are constants independent of h.
Clearly as h — 0, [¢g| = 0.
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Conclusions

When nonlinear effects are large, the constants K;, i = 3,
appearing in Eq. (15) may be on the order of those obtained in
error estimates for the linearized problem. Clearly, the use of
cruder approximations for y'(x) governs the rate-of-convergence
of the model. Had cubic approximations been used throughout,
we would have obtained |a| = O(h*) for h sufficiently small; for
the mixed problem, le] = O(h?). However, this still may be an
acceptable rate of convergence, particularly if “mildly nonlinear”
behavior is evident.

We remark that the use of simpler functions for such terms
may well be justified in more complicated problems like plate and
shell bending problems. In a typical nonlinear analysis where
usually an iterative or a step by step method may be required
to solve Egs. (6a) and (6b), the terms Q,, Q,, and Q5 due to
nonlinear effects need be calculated several times, so their cal-
culations take major part of the solution effort. Simpler functions
may avoid numerical integration of these terms and this may
result with significant savings in computational efforts. However,
a larger number of elements is required in an inconsistent model
to obtain comparable accuracy.
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A Graphical Method for the
Investigation of Shock Interference
Phenomena

Davis H. CRAWFORD*
NASA Langley Research Center, Hampton, Va.

NUMBER of recent studies of shock interference have

been directed toward correlation and interpretation of local
flow phenomena with special emphasis on the prediction of
local heating rates. Although the pressure-deflection-shock
polar method of determining simple shock interference flow-
fields has been in hand many years,>> the method is unwieldy
and has never found wide acceptance as a design tool. Edney
demonstrated its application to several relatively complex inter-
ference patterns* but his more recent work as well as that of
others relies on machine programs which require access to
sophisticated computers and are used successfully only after
extensive experience by the operator.®-® Although the shock
polar method lacks the arithmetic precision of the computer,
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Fig. 1 Logarithmic-shock-polar family.
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it can provide a useful tool for students and others searching
for trends of shock interference phenomena, and has added
advantages in the physical interpretation of the results.

The basic difficulty in using the conventional shock-polar
diagrams stems from the necessity to iterate every solution
from an infinite family of curves. This difficulty is completely
overcome by plotting the pressure-deflection diagrams with the
pressure ratio on a logarithmic scale and the deflection on a
linear scale. Since any ratio is represented by a certain fixed
physical dimension on a logarithmic scale, the polar for a given
Mach number is uniquely defined on this set of coordinates.
Thus, if a family of polar diagrams is plotted for various Mach
numbers so that the polar diagram for any Mach number can
be estimated by interpolation, a complicated shock-interference
pattern can be hypothesized without a single calculation by
tracing the polars from the logarithmic-shock-polar family.

A convenient form for such a logarithmic-shock-polar family
is shown in Fig. 1. The polars are aligned so that they are all
tangent at the top. The part of each polar representing a weak
shock (attached) is a solid line, while the part representing a
strong shock (detached) is a dotted line. Since every point on
each polar represents a different downstream Mach number, the
points representing a-given downstream Mach number on the
polars can be connected to form an envelope (dashed lines) of
constant downstream Mach number. The scale pressure is non-
dimensionalized with respect to the static pressure behind a
normal shock, P, and thus reaches a maximum of 1.00 at the
top.

To determine the additional pressure vs deflection caused by a
second shock in the initially deflected flow, the second polar must
be the proper shape and size for the particular point where it is
attached to the first polar. Extending the constant downstream
Mach number along the envelope from the attachment point
back to the y axis establishes that polar which must be used.
The initial polar is keyed to the reference pressure (static

pressure behind the normal shock) of the freestream. The
ordinate distance of the secondary polar, being on a logarithmic
scale, automatically conveys the multiplication of the second
shock compression to the initial shock compression, and the
final result is nondimensionalized with respect to the initial
reference pressure of the freestream.

The use of the log-shock-polar diagram may be demonstrated
with the aid of Fig. 2. This is the case of two shocks of opposite
families intersecting with a resulting pair of shock reflections
from a shear layer. When M, is deflected by wedge J,, the
initial downstream Mach number is M,, and likewise with
M, 8,, M,, respectively. Figure 2b shows how the deflections
on the freestream polar give pressure ratioed to the stream
pressure behind the normal shock for the freestream flow. The
two envelopes representing constant downstream Mach number
select the proper polars to be placed on 1 and 2. Figure 2¢
indicates how both of these polars have been repositioned so
that further deflections will give pressure ratioed to the static
pressure behind a normal shock of the initial freestream. The
intersection of these two polars gives the direction of the shear

_layer downstream of the shock intersection and the common

pressure ratio on both sides of this shear layer.

The use of the pressure behind the freestream normal shock,
as the reference pressure in complex situations, can be seen
more clearly if one considers the flow over a double wedge
as represented in the polar diagram of Fig. 3. The ordinate
distance between the points 1 and 2 represents the ratio of the
scale values of the ordinate since the ordinate is laid off in a
logarithmic scale. Projecting back along a constant downstream
Mach number curve from 2 to 3, the polar describing the
deflection &, for the downstream Mach number at 2 is identified."
The ordinate distance between 3 and 4 is the ratio of the ordinate
values. When the polar from 3 is transferred to 2, the ordinate
values are added or the ratios are multiplied together. In other
words
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The value of the logarithmic-shock-polar diagram has been
illustrated by its use in two examples, one of which could
have necessitated the use of iteration, and one which did not.
It can be further utilized to evaluate the two types of three-
shock-configuration? encountered in shock interaction, i.e., weak
oblique wave striking a strong shock, and a weak oblique
wave striking another oblique wave of the same family. Both
of these have the necessary contact discontinuity line,? the first
in the form of a shear layer, and the second in the form of
an expansion wave. The logarithmic-shock-polar family can be
used to estimate the results of reflections from shock waves
and expansion waves from a solid wall, or from a free shear
layer. These represent all the uses of shock interaction at a point
necessary to explain any of Edney’s six distinct types of shock
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Fig.3 Another use of logarithmic-shock-polar diagram.

interference pattern. Thus, the pressure-deflection-shock-polar
presented in a semilogarithmic format becomes an effective
design tool, uniquely applicable to the estimation of multiple
shock interference patterns and the resulting pressure changes on
affected surfaces.
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Calculation of Turbulent Boundary-
Layer Shock-Wave Interaction
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N the past few years phenomenological turbulence model
equations have been applied to increasingly more -difficult
turbulent flowfield problems. Most complex fields can be solved
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